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Abstract 


The QCD sum-rule method has been widely used in studying various 
baryon properties. For a given problem, there are usually more than one sum 
rules and they do not work equally well. In this paper, we point out that 
chirality plays an important role in determining the reliability of a baryon 
sum rule. The contributions of positive- and negative-parity excited baryon 
states partially cancel each other in the chiral-odd sum rules, but add up in 
the chiral-even sum rules. As such, the chiral-odd sum rules are generally 
more reliable than the chiral-even sum rules. This allows one to identify the 
more reliable sum rules and use them in extracting the ground-state baryon 
property of interest. This is illustrated in an explicit example. 
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The QCD sum-rule approach has been used extensively in extracting baryon observ¬ 
ables It is found in these studies that for a given problem there are more than one 

sum rules and they do not work equally well. In particular, some sum rules work well while 
the others may fail. This pattern has been seen in both the baryon mass sum rules and the 
sum rules for other baryon properties [Q. (Here we consider the baryons containing only 
light flavors: up, down, and strange.) 

In this paper, we point out that chirality plays an important role in determining the reli¬ 
ability of baryon QCD sum rules. In the “chiral-odd” sum rules where chiral-odd operators 
dominate, the contributions of positive- and negative-parity excited baryon states partially 
cancel each other, which signihcantly reduces the excited-state contamination. On the other 
hand, the “chiral-even” sum rules where chiral-even operators dominate, suffer from large 
excited-state contamination because of the addition of the contributions from positive- and 
negative-parity excited states. As such, the chiral-odd sum rules are generally more reliable 
than the chiral-even sum rules. This allows one to identify the more reliable sum rules in a 
given problem and use them in extracting the ground-state baryon property of interest. We 
will illustrate this point in an explicit example. 

To keep our discussion succinct, we will use the octet baryon mass sum rules to explain 
the idea, which applies to general baryon sum rules based on two-point and three-point 
correlation functions. The baryon mass sum rules usually study the correlation function 

n(,) = i Id‘xe‘'>-{0\T[m{^)TtBiO)m . (1) 


where rjB is a baryon interpolating held constructed from local QCD operators, carrying the 
quantum numbers of the baryon of interest. For the octet baryons, there are two independent 
interpolating helds which contain only quark helds with no derivatives and couple to spin-1/2 
states only The general expression of the proton interpolating held is 


Vp{x) = (^abc{[u'''^{x)C'y5d^{x) u'^ix) +13 u'^'^{x)Cd!’{x) 75M‘'(a;)| , 


( 2 ) 


where u{x) and d{x) stand for up and down quark helds, a, b, and c are the color indices, 
C = —C'^ is the charge conjugation matrix, and (3 is an arbitrary real parameter. The 
corresponding interpolating helds for the other members of the octet can be obtained by 
applying appropriate SU(3) rotations 0. The interpolating held advocated by lohe @] 
and often found in QCD sum-rule calculations may be recovered by setting (3 = —\ and 
multiplying an overall factor of —2. Lorentz covariance and symmetries then dictate that 
n(g) has two invariant structures 




( 3 ) 


where H^ and Hg are two invariant functions. So, two sum rules, one for H^ and one for Hg, 
can be obtained. In principle, results obtained from these sum rules should be the same. In 
practice, however, one has to truncate the operator product expansion (OPE) on the QCD 
side of the sum rule and use a crude model for the excited-state (continuum) contribution 
on the phenomenological side of the sum rule. Thus, one expects that some sum rules are 
more reliable than the others. 
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One of the key ingredients of the QCD sum-rule approach is the use of the Borel trans¬ 
form, which introduces an auxiliary parameter-Borel mass. If a sum rule were perfect, one 
would expect that the two sides of the sum rule overlap for all values of the Borel mass. In 
practical calculations, the two sides of the sum rules overlap only in a limited range of the 
Borel mass (at best) because of the truncation of the OPE and the crudity of the continuum 
model. A common consensus is that if there exists a wide region of Borel mass where the 
two sides of a sum rule match, the sum rule is said to “work” and the sum-rule prediction 
is possible. This, however, needs to be interpreted carefully. 

To maintain the predicative power of the sum-rule approach, the phenomenological side 
of a sum rule is usually parameterized by a pole describing the ground-state baryon of interest 
plus a continuum model accounting for the contribution of all excited states. The continuum 
model approximates the excited-state contributions in terms of the perturbative evaluation 
of the invariant functions, starting from an effective threshold; it is thus a crude model. In 
order to extract the spectral parameters of the pole by matching the sum rules, one should 
work in a region of Borel mass where the pole contribution dominates the phenomenological 
side. This usually sets an upper bound in the Borel mass space, beyond which the excited- 
state contribution dominates. On the other hand, the truncated OPE must be sufficiently 
convergent as to accurately describe the true OPE. This, in practice, sets a lower limit in 
the Borel mass space, beyond which higher order terms not present in the truncated OPE 
may be signihcant and important. 

Therefore, we expect a sum rule to work if the two sides of the sum rule match in a 
valid window in Borel mass space where the pole contribution to the phenomenological side 
dominates and the higher order OPE terms are under control. The relative reliability of a 
sum rule is thus determined by the quality of overlap of the two sides, the size of valid Borel 
window, and the relative contribution of the excited states in the valid Borel window. Such 
criteria have been advocated in Refs. and used in various sum rule calculations |]6HII . 
Here, we adopt these criteria to determine the relative reliability of a sum rule. 

Let us now focus on the phenomenological representation of n(g), which can be obtained 
by inserting a complete set of eigenstates with the quantum numbers of the interpolating 
held. Since rjB couples to not only the positive-parity baryon states but also the negative- 
parity baryon states 0, n(q') can be expressed as 


TTPhen,„^ _ ,2(1i^Y + Mo 

~ _ Mi 


U _ ^Mtf 




-n2 - M- 


- (Mr)2 


(4) 


in the discrete-state approximation (i.e., neglecting the widths of baryon states, which is 
usually assumed in the QCD sum-rule approach), where “0” denotes the ground state baryon 
of interest with mass Mq, and the positive/negative parity excited baryon state 

with mass M/" /Mf. Here we have omitted the inhnitesimal as we are only concerned with 
large and space-like The Xf (Aq = Ag) stands for the coupling strength of r]B to the 
physical baryon state : 

(0|pB|i,g,s,+) = A+17(g,s) , (0|pB|i, g, s,-) = A“75l7(g, s) , (5) 

with U{q,s) the baryon Dirac spinor. After the Borel transform, one obtains from Eq. (^) 


2 







nphen(^2) _ ^2 ^ ^^^+^2^+g-(M+)VM2 _ f/M^ ^ 


i^O i 

nf”(M") = Aje-""'"’ + j:(A+)"e-‘"*>’'"’ + j:(A-)"e-<"A)“/M> _ pj 

i^O j 

where M is the Borel mass. We observe that the positive- and negative-parity excited-state 
contribntions partially cancel each other in but add up in This 

indicates that the continuum contamination is signihcantly smaller in the sum rule for IIs 
than in that for Ilg. 

This feature attributes to chirality. If there were no spontaneous and explicit chiral 
symmetry breaking, the chirality of quarks could not be changed during propagation, and 
there would be chiral doubling in the baryon states and = 0. In nature, the 

chiral symmetry is violated by QCD vacuum and (small) current quark masses, which can 
cause quark chirality flipping and hence the shift of the positive-parity states relative to the 
negative-parity states. The two invariant functions and Ilg correspond to the chirality¬ 
changing and chirality-conserving parts of 11, respectively. The chirality-conserving part 

nphen(j^^2) ^ Q 

even if there were no chiral symmetry violation. This gives rise to extra 
background noises in the sum rule for 11^. Thus, the QCD side of the sum rule for II^ must 
be dominated by chiral-odd operators (e.g., qq, qgsO' ■ Gq) as the current quark masses are 
small compared to the baryon masses and the QCD side of the sum rule for 11^ must be 
dominated by chiral-even operators (e.g., 1, G^). We dehne “chiral-odd” sum rules as those 
where the chiral-odd operators dominate and “chiral-even” sum rules where the chiral-even 
operators dominate. Therefore, the chiral-odd sum rules are generally more reliable than 
the chiral-even sum rules. 

As an explicit example, we consider the sum rules for the proton matrix element of 
H = {p\uu — dd\p)/2M]s[, which can be obtained from the linear response of 11 to a constant 
external isovector-scalar held |^,^. In the formalism suggested in Ref. [H], the two sum 


rules given in Ref. [13| can be rewritten as: 


|a {MlM- - M^) 

^ 1 -L Mil ] r-2/27 

= + —a , (8) 
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f- SM®) L-®/9 + (MlM^ - 2M®) 

-^X<a {MlAf- - M*) - ^a‘Ml, 

+ ^Xa (mIM^Ei - 2M^E2) 

-^Xmla (mIM^ - M^Ei) , (9) 


where si and S 2 denote the continnnm thresholds, ci = 
= 1 - 2/3 + /32, C4 = 5 + 2/3 - 7/32, ^ _ ^2 

.3 ,2 


1 + 10/3 + /32, C 2 — 4 + 7/3 + /32, 
C 3 = i - 2 :p + p-, C 4 = 0 + z/j - Ypp C 5 = i - pp C 6 = 7 + 4/3 + /32, El = + 1, 

■^2 2M^ m2 "^3 6M® 2M5 m2 4“ Ij ® (^Yt) ((JQ') , YTT-q (Q’/ZsCT ■ Glj) /(o’!?), 

L = ln(M/AQCD)/ln(p/AQCD), and \n = For dehniteness, we nse [3 = —1.2 ||^ 

and X = 2.0 GeV“^ [^,Q. Here, we have pnt the continnnm contribntions on the right-hand 
sides of the snm rnles. 

One notices that snm rnle is the chiral-odd snm rnle, which, according to the above 
discnssion, is more reliable than the chiral-even snm rnle (^. This has been emphasized in 
Refs. Here, we give a nnmerical demonstration. We take the experimental valne for 

the nncleon mass M^v and extract H and the continnnm thresholds from the snm rnles. To 
this end, we sample the snm rnles in a valid Borel region, where the continnnm contribntion 
is less than 50% of the total phenomenological (right-hand) side and the contribntion of the 
highest order OPE term is less than 10% of the total QCD (left-hand) side. The £t of the 
two sides is measnred by 6{M^) = |LHS — RHSp averaged over 150 points evenly spaced 
within the valid Borel region. 

We hnd that the two sides of the chiral-odd snm rnle (j^) overlap very well in a large 
valid Borel region. In Fig. |^, we have plotted the relative continnnm and highest order OPE 
term contribntions in the valid Borel window. In contrast, there is no valid Borel window 
for the chiral-even snm rnle (^. This is mainly dne to the large continnnm contamination. 
To stress this point, we have displayed in Fig. |I] the relative continnnm and highest order 
OPE term of the chiral-even snm rule within the valid Borel window of (^), with the use of 
H and the continuum threshold extracted from the chiral-odd sum rule. One can see that 
the continuum contribution is dominant in the chiral-even sum rule, making it impossible 
to isolate the ground state signal of interest in this sum rule. This may also be understood 
from the different behavior of the continuum model in the two sum rules. While the leading 
Borel mass dependence is in (^, it is M® in (|^). So, the continuum contribution grows 
much more rapidly in (^ than in (^ as increases, implying much larger continuum 
contamination in (j^) than in (^). 

Thus, if the OPE is truncated at the order usually considered in the literature, the chiral- 
even sum rules are likely to fail to have a valid Borel window. To improve this situation, one 
may have to include many higher order OPE terms in order to compensate for the smaller 
upper bound in Borel mass space compared to the chiral-odd sum rule. However, one usually 


4 








(GeV^) 


FIG. 1. The relative continuum (upper) and highest order OPE term (lower) contributions in 
the valid Borel window for the chiral-odd sum rule of (|^, with H and the continuum thresholds 
extracted from (|^. The solid curves are for the chiral-odd sum rule of (^) and the dashed curves 
for the chiral-even sum rule of (P). Note that the relative continuum contribution in the chiral-even 
sum rule are greater than 100%. This results from partial cancelation between the first term and 
the rest of the right-hand side of (|^. 

does not have much control over the values of such terms, which makes it difficult to extract 
any useful information about the ground state from the chiral-even sum rules. 

In the literature it is often found that both chiral-odd and chiral-even sum rules are used 
in extracting baryon properties. In some cases, certain chiral-even sum rules are identihed 
as the most reliable sum rules. This largely relies on the so-called ratio method widely 
adopted in the literature. There, one chooses the continuum threshold (to be the same for 
two different sum rules) to make the ratio of two different sum rules as flat as possible as a 
function of the Borel mass. 

However, it is worthwhile emphasizing that the ratio method has serious drawbacks. (1) 
The ratio method does not check the validity and reliability of each individual sum rule. 
It may happen that individual sum rules are not valid (i.e., there does not exist a valid 
Borel window) while their ratio is flat as function of the Borel mass. (2) The ratio method 
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may lead to misleading results as the continuum contributions are not monitored in the 
ratio. It is obvious that the ratio is always perfectly flat for large Borel mass, which is 
trivial because the continuum contribution is dominant in a sum rule and modeled by the 
perturbative evaluation of the OPE. There, however, one should not expect to get any reliable 
information about the ground state. (3) The continuum threshold is a phenomenological 
parameter introduced to parameterize the spectral function. Hence, one should treat the 
continuum threshold as an independent parameter (just as the other parameters, masses, 
coupling strength, ect.) to be extracted from the sum rule. Fixing the continuum threshold 
will introduce artihcial bias to the extracted baryon properties of interest. 

To summarize, we have pointed out that chirality plays an important role in determining 
the reliability of baryon QCD sum rules. In particular, the contributions of positive- and 
negative-parity excited baryon states partially cancel each other in the chiral-odd sum rules, 
but add up in the chiral-even sum rules. Consequently, the continuum contamination is 
much smaller in the former than in the latter. Moreover, there are other (relatively) large 
uncertainties in the chiral-even sum rules arising from large perturbative corrections to the 
Wilson coefficients in the OPE, the factorization assumption for chiral-even operators, and 
the onset of nonfactorizable operators in relatively low dimension |^. Thus, the chiral-odd 
sum rules are more reliable than the chiral-even sum rules. The chiral-odd sum rules can 
be easily identihed for a given problem and should be used in extracting various baryon 
properties. On the other hand, without further improvement, the chiral-even sum rules are 
likely to fail in most cases and hence should be disregarded. Any misuse of the chiral-even 
sum rules could lead to inconsistent and misleading results. 
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